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The maximum number of cyclic triples in an oriented graph of a given order is
well known, being realized by the regular and near-regular tournaments. We con-
sider the corresponding problem of determining the maximum number of cyclic
triples in an oriented graph with a given number of arcs. A formula is found
provided that the number of vertices is not too small relative to the number of
arcs.  2001 Academic Press
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1. INTRODUCTION
In their pioneering statistical study of paired comparisons Kendall and
Babington Smith [3] observed that the number of cyclic triples in a tour-
nament can be determined from its scores. From this, they deduced that the
maximum number of cyclic triples in any tournament of order n is
;(n)={
1
24n(n
2&1)
1
24n(n
2&4)
if n is odd;
if n is even.
(1)
The tournaments that achieve these bounds are the regular tournaments in
the odd case and the near-regular ones in the even case. We note that this
result has been independently rediscovered several times (see Moon [4, p. 9]).
We also note that the corresponding result for 4-cycles was found by
Colombo [2] and both of these results follow from a theorem of the
authors [1] giving the maximum number of strong subtournaments of
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FIG. 1. Scheme for maximizing the number of cyclic triples.
order k in any tournament of order n. (The problem for cycles of length
k>4 remains open.)
In this paper, we consider the problem of finding the maximum number
of 3-cycles when the number of arcs, rather than the number of vertices, is
prescribed, a problem that seems to be considerably more difficult. We
determine the maximum provided that the number of vertices is not too
small in comparison with the number of arcs. We show that the maximum
is achieved by oriented graphs with a structure like that schematically
indicated in Fig. 1. The vertices are in three sets that are equal, or nearly
equal, in size, and the arcs are packed as densely as possible in a cyclic
manner from set to set.
It will be useful to have some additional notation, terminology, and
preliminary results prior to stating our principal theorem. These are given
in the next section. In Section 3 we present the theorem and discuss the
main ideas of the proof. Section 4 is devoted to a key lemma, and Section 5
contains the proof of the theorem itself. In the final section, we consider
values not covered by our theorem.
2. PRELIMINARIES
We begin with the following elementary numerical fact.
Lemma 1. Every integer m>1 has a unique representation in one of the
following three forms:
(a) 3r2&2r+s, with r1 and 1s2r,
(b) 3r2+s, with r1 and 1s2r,
(c) 3r2+2r+s, with r1 and 1s2r+1.
Proof. An easy way to see this is to check the ranges of the three types.
If r has the fixed value p, the numbers of type (a) go from 3p2&2p+1 to
3p2 (starting with 2 when p=1), those of type (b) go from 3p2+1 to
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3p2+2p, and those of type (c) go from 3p2+2p+1 to 3p2+4p+1. Then
for r= p+1, type (a) resumes with 3p2+4p+2. K
We can combine the three expressions in the statement of the lemma by
letting
f (:, r, s) :=3r2+2:r+s (2)
with :=&1, 0, or 1, and r and s satisfying the conditions in the lemma.
Another expression that figures prominently in our computations is
.(s) :=\ s2  s2| . (3)
The next two lemmas provide some properties of this function that we shall
need. The proof of the first is straightforward, that of the second a little
less so.
Lemma 2. For any positive integer s,
(a) .(s)=ws24x ;
(b) .(s)&.(s&1)=ws2x .
Lemma 3. For any positive integers r, s, and t,
(a) if st2r, then .(2r+s&t)+.(t)r2+.(s);
(b) if st2r&1, then .(2r+s&t&1)+.(t)r2&r+.(s).
Proof. (a) Using the fact that wxx+wyxwx+ yx for all real
numbers x and y, it is straightforward to show that
.(2r+s&t)+.(t)r2+w(s2+4rs&4rt+2t2)4x
=r2+ws24&(2r&t)(t&s)2x ,
r+ws24x (from the bounds on t).
Similarly,
.(2r+s&t&1)+.(t)r2&r+w(s2+1)4&(2r&t&1)(t&s)2x
r2+r+w(s2+1)4x .
Since w(s2+1)4x=ws24x , the proof is complete. K
Most of our notation and terminology is standard. An oriented graph is
a directed graph in which there is at most one arc between any pair of
vertices, that is, an orientation of a graph. The number of vertices will
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usually be denoted by n and the number of arcs m. The out-degree of a
vertex v will be denoted by od v and the indegree by id v. The total degree,
denoted td v, is the sum of the in- and the out-degree.
We denote the number of 3-cycles in an oriented graph D by %(D), with
%(D, x) denoting the number through a given vertex or arc x.
We next define precisely the oriented graphs that were discussed in the
Introduction and that achieve the maximum number of 3-cycles. A swirl is
an oriented graph in which the vertices can be partitioned into three sets
X, Y, and Z so that each arc goes either from X to Y, from Y to Z, or from
Z to X (see Fig. 1). A swirl is called complete if it is maximal on the three
sets X, Y, and Z; that is, it contains all arcs from X to Y, Y to Z, and Z
to X, and only these.
Let m= f (:, r, s)=3r2+2:r+s (as in (2)). A standard swirl with m arcs
is defined as follows: Begin with the complete swirl whose partite sets have
cardinalities r, r, and r+:. To one of the sets, add a node having total
degree s, with the in-degree and out-degree differing by at most 1. We note
that when : is 0 and s is even, then there is only one standard swirl (up
to isomorphism), but when :{0 and s is odd, there may be up to six. By
elementary counting, we see that a standard swirl with 3r2+2:r+s arcs
has 3r+:+1 nodes and r3+:r2+ws2x Ws2X 3-cycles. Our goal is to
show that no oriented graph with m arcs has more 3-cycles than this.
Unfortunately, we have not been able to achieve our goal entirely, since for
some values of m there are small orders that have resisted our techniques.
3. THE MAIN RESULT
We begin by introducing two functions that will be useful in stating and
proving our main theorem. Let (1)=0 and &(1)=2, and for m2, define
(m) and &(m) as
(a) If m=3r2&2r+s with r1 and 1s2r,
let (m)=r3&r2+\ s
2
4 and &(m)=3r.
(b) If m=3r2+s with r1 and 1s2r,
(4)
let (m)=r3+\s
2
4 and &(m)=3r+1.
(c) If m=3r2+2r+s with r1 and 1s2r+1,
let (m)=r3+r2+\ s
2
4 and &(m)=3r+2.
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These expressions enable us to express our main result efficiently:
Theorem 1. The maximum number of cyclic triples in any oriented
graph with m arcs and at least &(m) vertices is (m).
It can be verified that, subject to the restrictions on r and s in the three
forms of m, &(m)=W- 3mX , which is a pleasing simplification. However, in
our proof, it is useful to have the three-part definition of &(m). A more
compact (but perhaps less useful) statement of the result is the following:
Theorem 1 (Alternative Version). Let m=3r2+2:r+s with r1,
:=&1, 0 or +1, and 1s2r+W:2X . Then the maximum number of
3-cycles in an oriented graph with m arcs and at least 3r+:+1 vertices is
r3+:r2+ws24x .
Before going into the proof itself, we discuss some of the ideas behind it.
This will not only assist readers in following the details, but will show why
the proof is as complicated as it is. It will also provide readers who are not
interested in all of the details with an outline of the proof ’s structure.
The proof will use induction on m. Assume that the result holds when
there are fewer than m arcs. Let D be an oriented graph with m arcs, and
consider a vertex v having minimum total degree t. Since v is then on at
most wt2x Wt2X 3-cycles, it follows from the induction hypothesis that
%(D)%(D&v)+.(t)(m&t)+.(t). If this last sum does not exceed
(m), we are done. However, sometimes it happens that (m)<
(m&t)+.(t). In most such cases, removing an arc instead of a vertex
does the trick, but there are times when neither approach works, and then
things get considerably more complicated.
Because we think that it will help the reader follow the proof, we present
a specific example to illustrate these ideas. Let m=130, whence :=1, r=6,
and s=10. Let D be an oriented graph with 130 arcs and n vertices, with
n20 (=W- 3 } 130X). Our aim is to show that D has at most 277 cyclic
triples. Let t denote the minimum total degree of any vertex in D, and let
v be a vertex of total degree t. Note that t13. Suppose that t=11 and
n=20. Then D&v has 119 arcs and 19 vertices, and so by the induction
hypothesis, it has at most 246 cyclic triples. Since v is on at most 30 cyclic
triples, D has a total of at most 276, and so the argument works. Unfor-
tunately, this doesn’t always happen. For example, assume t=9 and n=20.
Then, D&v has 19 vertices and 121 arcs, and this case is not covered by
our induction hypothesis, 19 being less than - 3 } 121. Nonetheless, we can
achieve our goal by removing an arc instead of a vertex. Since the total
degree of v is 9, we may assume that its in-degree is at most 4. If a is an
arc out of v, then a can be on at most four 3-cycles, so %(D)(120)+4
=276, and our bound of 277 holds.
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However, further complications arise when t=13. Neither removing a
vertex nor removing an arc can assure us of the desired bound: both
(117)+w1324x and (129)+w132x equal 278. Hence, a different (and
more complicated) argument is required to cover this case. With this in
mind, we treat the general ‘‘difficult’’ case through a lemma whose proof is
itself quite lengthy. It is the content of the next section.
4. A KEY LEMMA
Lemma 4. Let D be an oriented graph with 3r+2 vertices and
3r2+2r+s arcs, where r and s are positive integers satisfying the inequalities
3r+22s4r. If the minimum total degree in D is 2r+1 and every arc is
on at least ws2x+1 cyclic triples, then D has at most r3+r2+ws24x
3-cycles.
Proof. We suppose not, and let D be a counterexample. For con-
venience, let k=ws2x . We begin by showing that the maximum total
degree, call it h, is at most 3k+1. It follows from the numbers of vertices
and arcs and the minimum total degree that h2(3r2+2r+s)&
(3r+1)(2r+1)=2s&r&1. Since s2k+1 and rk, the bound follows.
We also note that since every arc is on at least k+1 cyclic triples, every
in-degree and every out-degree is at least k+1.
Now, consider a transitive triple with vertices u, v, and w, and arcs uv,
vw, and uw. We denote this triple by uvw and call uw its base arc. We also
call u, v, and w its first, second, and third vertices, respectively. For such a
triple, we define five pairwise disjoint sets of vertices, all subsets of the set
S=[x : x  u or w  x]. (In what follows, t% means that there is no arc
between the two vertices.) Figure 2 shows the different types of vertex. Note
that S could contain vertices in addition to these.
S1=[x: x  u, w  x, v  x]
S2=[x: x  u, w  x, x  v]
S3=[x: x  u, w  x, xt% v]
S4=[x: x  u, w % x, v  x]
S5=[x: x % u, w % x, x  v]
We now proceed to show through a succession of claims that D cannot
contain any transitive triples and that its underlying graph is complete
tripartite. We let ni=|Si |.
Claim 1. If uvw is a transitive triple, then id u+od w3(k+1).
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FIG. 2. Possible relations of a vertex to a transitive triple.
Proof. The vertices that are on a 3-cycle with arc uw make up the set
S1 _ S2 _ S3 , while those on a 3-cycle with uv
 constitute S1 _ S4 , and
those on a 3-cycle with vw form S2 _ S5 . By our hypothesis every arc is on
at least k+1 cyclic triples, so n1+n2+n3k+1, n1+n4k+1, and n2+
n5k+1. On the other hand, id un1+n2+n3+n4 and od wn1+n2+
n3+n5 . The result follows from a combination of these inequalities.
Claim 2. For any transitive triple uvw, S1 {<.
Proof. Suppose S1=<. It then follows that n2+n3k+1 and n4
k+1, so id u2(k+1). Since od uk+1, this contradicts the upper
bound on the total degree of a vertex.
Claim 3. The third vertex of one transitive triple is the first vertex of
another.
Proof. Let uvw be a transitive triple. It follows from Claim 2 that there
is a vertex x such that v  x and w  x. Thus, vwx is a transitive triple. By
the same argument, there must be a vertex y for which wxy is a transitive
triple, so w is a first vertex.
Claim 4. If D has a transitive triple, then it has a directed cycle in which
each arc is the base arc of a transitive triple.
Proof. It follows from Claim 3 that every base arc is followed by
another base arc, so there must be a cycle of such arcs.
Claim 5. D has no transitive triples.
Proof. Suppose it has. By the previous claim, there is a cycle v0 v1 } } }
vp&1v0 of base arcs. By Claim 1, for i=0, 1, ..., p&1, id vi+od vi+1
3(k+1). Consequently,  p&1i=0 (id vi+od vi)3p(k+1), and hence some
vertex has total degree at least 3(k+1), contradicting our earlier bound on
the maximum total degree.
Claim 6. The underlying graph of D is a complete tripartite graph.
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Proof. Consider a cyclic triple u  v  w  u. Since the total degree of
each vertex in D is at least 2r+1, it follows that at least one pair of the
vertices u, v, and w have both in-degrees or both out-degrees at least r+1.
Without loss of generality, we assume that id ur+1 and id vr+1. Let
A denote the set of vertices that dominate v, and let B and C, respectively,
denote the sets of vertices that u dominates and that dominate u. By
Claim 5, there cannot be any arcs joining two vertices within the same set,
and hence the three sets must be disjoint. Furthermore, taken together,
they must contain every vertex of D since |A|r+1, |B|=od u, |C|=id u,
and td u2r+1. The condition on total degrees also implies that
|C|=r+1 and |B|=r, and that every vertex of C is joined to every vertex
in A and B. The analogous statement must hold for A, so the claim follows.
From this, we deduce that D has 3r2+4r+1 arcs, which contradicts one
of the hypotheses of the lemma and thus completes the proof. K
5. PROOF OF THE THEOREM
The proof is by induction on m, the number of arcs. The result clearly
holds when m=1. Let m>1, with m=3r2+2:r+s as above. Assume that
the result holds when there are fewer than m arcs, and let D be an oriented
graph with m arcs and n vertices, n- 3m. Let t denote the minimum total
degree in D, and let v be a vertex with total degree t. We complete the
proof by considering separately the three possible values of :, each with
two or three subcases.
Case 1. :=&1. Then m=3r2&2r+s with 1s2r and n3r. It
follows that t2r&1+(2s&r)3, so t2r, and if s<2r, then t2r&1.
Case 1.1. ts. We assume without loss of generality that od vid v,
and let a be an arc into v. Clearly, a is on at most od v 3-cycles and
od vwt2xws2x . If s=1, then m&1= f (1, r&1, 2r&1), while if s>1,
m&1= f (&1, r, s&1). In either case, since D&a has the same order as D,
the induction hypothesis applies, and so %(D&a)r3&r2+.(s&1).
Therefore,
%(D)=%(D&a)+%(D, a)
r3&r2+w(s&1)24x+ws2x
r3&r2+ws24x (by Lemma 2(b)),
which completes the inductive step in this case.
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Case 1.2. s<t2r&1. (Note that if t=2r, then s=2r also, and this
situation is covered in Case 1.1.) Then D&v has n&1 vertices and 3r2&
2r+s&t, or f (1, r&1, 2r+s&t&1), arcs. Since this is no greater than
(n&1)23, the induction hypothesis applies. Hence we have
%(D)=%(D&v)+%(D, v)
(r&1)3+(r&1)2+.(2r+s&t&1)+.(t)
r3&r2+.(s) (by Lemma 3(b)),
as desired, completing Case 1.
Case 2. :=0. This case is similar to Case 1, but now m=3r2+s with
1s2r and n3r+1. Consequently, t2r+2(s&r)(3r+1). Since t is
an integer, t2r.
Case 2.1. ts. Because this case is so much like Case 1.1, we omit
some of the details. Take arc a as before. If s=1, then D&a has
f (&1, r, 2r) arcs, while if s>1, it has f (0, r, s&1). In either case, it follows
that
%(D)r3+.(s&1)+\ t2
r3+.(s),
which is the bound we wanted.
Case 2.2. s<t2r. In this case, D&v has n&1 vertices and 3r2+
s&t, or f (&1, r, 2r+s&t), arcs. Consequently, the induction hypothesis
can be applied and we find that
%(D)r3&r2+.(2r+s&t)+.(t)
r2+.(s) (by Lemma 3(a)),
as desired.
Case 3. :=1. In this case, m=3r2+2r+s, with 1s2r+1, and
n3r+2, whence t2r+1. This time there are three subcases to be
considered (the first two being analogous to the earlier ones).
Case 3.1. ts. Again, let a be an arc into v. If s=1, then D&a has
f (0, r, 2r) arcs, while if s>1, it has f (1, r, s&1). In either case, the induc-
tion hypothesis can be applied to show that %(D)r3+r2+.(s), as
wanted.
Case 3.2. s<t2r. As in Case 2.2, we can deduce that %(D)r3+
r2+.(s) from the induction hypothesis and Lemma 3(a).
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Case 3.3. s<t=2r+1. In this case, we have 3r+2n2mt=
3r+(r+2s)(2r+1), from which it follows that 2s3r+2. Additionally,
since s2r, we must have n=3r+2.
Suppose that D has more than f (1, r, s) cyclic triples. Then for any arc
a in D, we have (using the induction hypothesis on D&a),
%(D, a)=%(D)&%(D&a)
(r3+r2+.(s)+1)&(r3+r2+.(s&1))
=.(s)&.(s&1)+1
=\s2+1 (by Lemma 2(b));
that is, a is on at least w s2x+1 cyclic triples. Consequently, D satisfies the
hypotheses of Lemma 4, and this contradicts our hypothesis on m.
This completes the proof. K
6. CONCLUDING REMARKS
Our main theorem gives a formula for the maximum number of 3-cycles
among all oriented graphs with a given number arcs, provided that the
number of vertices is not too small. The reason for this restriction is not
that the result is known not to hold, but just that our proof does not apply.
A key to the proof is the minimum total degree of a vertex, and that
estimate gets too large when the vertices are too few in number. In fact, we
conjecture that our maximum holds for all orders.
Conjecture. The maximum number of 3-cycles in any oriented graph
with m arcs is (m), the value given in (4).
In this section, we discuss the problem for oriented graphs with m arcs
and fewer than - 3m vertices. In this case, we must have m>n23; and
since an oriented graph of order n has at most ( n2) arcs, m(
n
2). That is,
W(n2+1)3Xm( n2); or, as bounds on n, (1+- 8m+1)2n
- 3m&1. Thus, as a rough estimate, for a given value of m, there are only
about - m3 values of n not covered. For m30, there is a total of twenty-
one, none when m5 or m=7, 8, 11, 12, or 16, two when m=28, and just
one otherwise.
In general, some additional orders are covered by the following observation.
Lemma 5. Let m and n be positive integers with n<- 3m. Let ;(n)
denote the maximum number of 3-cycles in a tournament of order n (see (1)
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in Section 1) and let (m) be as in (4). If ;(n)(m), then (m) is the
maximum number of 3-cycles in any oriented graph with m arcs and at least
n vertices.
This lemma covers, for m30, thirteen of the twenty-one cases
mentioned above, plus, for 31m36, the cases with n=9. The cases that
remain when n9 are (5, 9), (7, 17), (7, 18), (8, 22), (8, 23), (9, 28), (9, 29),
and (9, 30). Using variations of the earlier proofs, we extend the main
theorem to include these additional cases. To this end, we let ‘(n, m)
denote the maximum number of 3-cycles in an oriented graph with n
vertices and m arcs.
Lemma 6. If n is odd and m=( n2)&1, then ‘(n, m)<n(n
2&1)24.
Proof. It follows from the work of Kendall and Babington Smith that
every non-regular tournament of odd order n has fewer than n(n2&1)24
cyclic triples. Since every oriented graph D with n vertices and fewer than
( n2) arcs is contained in a non-regular tournament, the result follows. K
Corollary. (a) ‘(5, 9)4;
(b) ‘(7, 20)13;
(c) ‘(9, 35)29.
The corollary covers three of the eight cases; the other five are covered
by the next lemma.
Lemma 7. (a) ‘(7, 17)12;
(b) ‘(8, 22)18;
(c) ‘(8, 23)19;
(d) ‘(9, 28)27;
(e) ‘(9, 29)28.
Proof. Among all oriented graphs with n vertices and m arcs, let D be
one with the maximum number of 3-cycles. We observe that if t is the mini-
mum total degree in D and if td v=t, then %(D)=%(D&v)+.(t), so
%(D)‘(n&1, m&t)+wt24x . Also, we note that ‘(n&1, m&t)
;(n&1), so %(D);(n&1)+wt24x . We use these observations to prove
the lemma case by case.
(a) Assume n=7 and m=17. Then 2t4, so %(D);(6)+4=12.
(b) Assume n=8 and m=22, whence 1t5. If t=5, then using
part (a), we have %(D)‘(7, 17)+618, while if t4, we have %(D)
;(7)+418.
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(c) Assume n=8 and m=23. In this case, 2t5. If t=5, then by
part (b) of the corollary to Lemma 6, we have ‘(7, 18)‘(7, 20)13, so
%(D)19. If t4, that %(D)18 follows as in (b) above.
(d) Assume n=9 and m=28. In this case, t6. If t=6, then
%(D)‘(8, 22)+927 (using (b)), while if t5, %(D);(8)+626.
(e) Assume n=9 and m=29. This case is just like (d), so we omit
the details. K
These results enable us to establish the following theorem, thereby
confirming our conjecture for small numbers of arcs.
Theorem 2. For m33, (m) is the maximum number of 3-cycles in
any oriented graph with m arcs.
Clearly, one can use the ideas of this section to obtain additional results,
but it seems to get progressively more difficult to cover all orders when the
number of arcs increases significantly. In particular, when m=34 or 35, the
case of ten vertices requires a different technique, and the proof is so long
that we do not include it here.
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